GLOBAL PROPERTIES OF BICONSERVATIVE SURFACES
IN R?> AND §3
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ABSTRACT. In this paper we survey some recent results on biconservative surfaces
in 3 - dimensional space forms with a special emphasis for the case ¢ = 0 and
¢ = 1. We study the local and global properties of such surfaces, from extrinsic
and intrinsic point of view. We obtain complete surfaces in R® and S°.

1. INTRODUCTION

In the last decade, from the theory of biharmonic submanifolds, arised the study of
biconservative submanifolds that imposed itself as a very promising and interesting
research topic through papers like [3, 4, 5, 11, 23, 24].

Let us consider the bienergy functional defined on all smooth maps between two
Riemannian manifolds (M™, g) and (N", h) and given by

/|r vy € CO(M,N),

where 7(¢p) is the tension field of ¢. A critical point of Es is called a biharmonic
map, and it is characterized by the vanishing of the bitension field m2(p) (see[16]).

A Riemannian immersion ¢ : M™ — (N™, h) or, simply, a submanifold M of N,
is called biharmonic if ¢ is a biharmonic map.

Now, if ¢ : M — (N, h) is a fixed map, then Es can be thought as a functional
on the set of all Riemannian metrics on M. This new functional’s critical points are
Riemannian metrics determined by the vanishing of the stress-bienergy tensor Ss.
This tensor field satisfies

div SQ = —<7‘2(g0), dg0>.
If div.So = 0 for a submanifold M in N, then M is called a biconservative subman-
ifold and it is characterized by the fact that the tangent part of its bitension field
vanishes.

The paper is organized in five sections as follows. After a section where we recall
some notions and general results about biconservative submanifolds, we present in
Section 8 the local, intrinsic characterisation of biconservative surfaces. While by
“local” we mean the biconservative surfaces ¢ : M? — N3(c) with f > 0 and
grad f # 0 at any point of M, by “global” we mean the complete biconservative
surfaces ¢ : M? — N3(c) with f > 0 at any point of M and grad f # 0 at any point
of an open and dense subset of M. More precisely, the intrinsic characterisation
theorem provides the necessary and sufficient conditions for an abstract surface
(M 2, g) to admit, locally, a biconservative embedding with f > 0 and grad f # 0 at
any point of M.
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Our main goal is to extend the local classification results for biconservative sur-
faces in N3(c), with ¢ = 0 and ¢ = 1, to global results, i.e., we ask that biconservative
surfaces to be complete and with | grad f| > 0 on an open dense subset.

In Section 4 we consider the global problem and construct complete biconservative
surfaces in R? with f > 0 on M and grad f # 0 at any point of an open dense subset
of M. We determine the simply connected complete Riemannian surfaces (RQ, go)
which admit a biconservative immersion in R? in two ways: on one hand we use the
local explicit parametric equation of biconservative surfaces in R?, and then we glue
these local surfaces at the level of C*° smoothness, and one the other hand we use
the intrinsic characterisation from previous section. Moreover, these immersions are
explicitly given and they have | grad f| > 0 on an open dense subset of R2.

In the last section we consider the global problem of biconservative surfaces in S?
with f > 0 on M and grad f # 0 at any point of an open dense subset of M. As
in R3 case, we use the local extrinsic classification of biconservative surfaces in S3,
but now the “gluing” process is not as clear as in R?. Further, we change the point
of view and use the intrinsic characterization of biconservative surfaces in S?. We
determine the simply connected complete Riemannian surfaces (RQ, gCl,C{‘) which
admit a biconservative immersion in S* and we show that, up to an isometry of S3,

there exists only a one-parameter family of such Riemannian surfaces indexed by
Ch.

2. BICONSERVATIVE SUBMANIFOLDS; GENERAL PROPERTIES

Throughout this work, all manifolds, metrics, maps are assumed to be smooth,
i.e. in the C'™ category, and we will often indicate the various Riemannian metrics
by the same symbol (,). All surfaces are assumed to be connected and oriented.

A harmonic map ¢ : (M™,g) — (N™, h) between two Riemannian manifolds is a
critical point of the energy functional

. 1
E:C®(M,N)— R, M@—QAﬂM%@

and it is characterized by the vanishing of its tension field
7(p) = tracey Vdep.

The idea of the stress-energy tensor associated to a functional comes from D.
Hilbert ([15]). Given a functional E one can associate to it a symmetric 2-covariant
tensor field S such that divS' = 0 at the critical points of £. When F is the energy
functional, P. Baird and J. Eells ([1]), and A. Sanini ([25]), defined the tensor field

* 1 *
5=d@9—¢h=§WM%—wh,

and proved that
divS = —(1(p), dy).

Thus, S can be chosen as the stress-energy tensor of the energy functional. It is
worth mentioning that S has a variational meaning. Indeed, we can fix a map
¢ : M™ — (N" h) and think E as being defined on the set of all Riemannian
metrics on M. The critical points of this new functional are Riemannian metrics
determined by the vanishing of their stress-energy tensor S.

More precisely, we assume that M is compact and denote

G ={g : ¢ is a Riemannian metric on M}.
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For a deformation {g;} of g we consider w = %’t:o g € Ty,G6 =C (G)QT*M). We
define the new functional
F:G—=R, Flg)=E(p)
and we have the following result.

Theorem 2.1 ([1, 25]). Let ¢ : M™ — (N™, h) and assume that M is compact.
Then

d 1
1 Flg) == — ©O*h) v,
i, (9¢) 2/M<w’e(<p)g ¢*h) vy

Therefore g is a critical point of F if and only if its stress-energy tensor S vanishes.

We mention here that, if ¢ : M™ — N™ is an arbitrary isometric immersion, then
div.S = 0.

A natural generalization of harmonic maps is given by biharmonic maps. A
biharmonic map ¢ : (M™,g) — (N™, h) between two Riemannian manifolds is a
critical point of the bienergy functional

o 1
By: CX(M,N) R, Ealg) =5 [ Ir(o)l v,

and it is characterized by the vanishing of its bitension field

7o) = —AP7(p) — traceg RY (dp, 7(¢))dy,
where
A¥ = —trace, (VPVY — V&)
is the rough Laplacian of ¢ 'T'N and the curvature tensor field is

RN(X,Y)Z = VYV Z - VWVRZ = Vixy 2, VX,Y,Z € C(TM).

We remark that the biharmonic equation m2(p) = 0 is a fourth-order non-linear
elliptic equation and that any harmonic map is biharmonic. A non-harmonic bihar-
monic map is called proper biharmonic.

In [17], G. Y. Jiang defined the stress-energy tensor Sy of the bienergy (also called
stress-bienergy tensor) by

52(X,Y) =%|T(<P)|2<X, V) + {dp, V() (X, Y)
— (dp(X), Vy7(p)) = (de(Y), Vx7(p)),

as it satisfies
div .Sy = —(12(p), dy).

The tensor field S5 has a variational meaning, as in the harmonic case. We fix a
map ¢ : M™ — (N™, h) and define a new functional

Fa:G =R, Falg) = E2(p).
Then we have the following result.

Theorem 2.2 ([18]). Let ¢ : M™ — (N", h) and assume that M is compact. Then

1
i, Po0=5 [ w5,

so g is a critical point of Fo is and only if So = 0.
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We mention that, if ¢ : M™ — N is an isometric immersion then div .Sy does
not necessarily vanish.

A submanifold of a given Riemannian manifold (N™,h) is a pair (M™, ¢), where
M™ is a manifold and ¢ : M — N is an immersion. We always consider on M the
induced metric g = ¢*h, thus ¢ : (M,g) — (IN,h) is an isometric immersion; for
simplicity we will write ¢ : M — N without mentioning the metrics. Also, we will
write ¢ : M — N, or even M, instead of (M, p).

A submanifold ¢ : M™ — N™ is called biharmonic if the isometric immersion ¢
is a biharmonic map from (M™,g) to (N", h).

Even if the notion of biharmonicity may be more appropriate for maps than for
submanifolds, as the domain and the codomain metrics are fixed and the varia-
tion is made only through the maps, the biharmonic submanifolds proved to be an
interesting notion (see, for example [22])

In order to fix the notations, we recall here only the fundamental equations of
first order of a submanifold in an Riemannian manifold. These equations define
the second fundamental form, the shape operator and the connection in the normal
bundle. Let ¢ : M™ — N™ be an isometric immersion. For each p € M, T, N
splits as an orthogonal direct sum

(2.1) TN = do(T,M) & do(T,M)™,

and NM = U dp(T,M)* is referred to as the normal bundle of ¢, or of M, in N.
peM

Denote by V and V¥ the Levi-Civita connections on M and N, respectively,

and by V¥ the induced connection in the pull-back bundle ¢~ (TN) = U Tp(p) V-

peEM
Taking into account the decomposition in (2.1), one has

Vede(Y) =do(VxY)+ B(X,Y), VX, Y € C(TM),

where B € C(®?T*M ® NM) is called the second fundamental form of M in N.
Here T* M denotes the cotangent bundle of M. The mean curvature vector field of
M in N is defined by H = (trace B)/m € C(NM).

Furthermore, if n € C(INM), then

Vin = —dp(Ay(X)) + Vxn, VX € C(TM),

where A, € C(T*M ®TM) is called the shape operator of M in N in the direction of
n, and V+ is the induced connection in the normal bundle. Moreover, (B(X,Y),n) =
(Ap(X),Y), for all X,Y € C(TM), n € C(NM). In the case of hypersurfaces, we
denote f = trace A, where A = A, and 7 is the unit normal vector field, and we
have H = (f/m)n; f is the (m times) mean curvature function.

A submanifold M of N is called PMC if Ay is parallel in the normal bundle,
and CMC if |H| is constant.

When confusion is unlikely, locally, we identify M with its image through ¢, X
with dp(X) and V%dp(Y) with VY. With these identifications in mind, we write

VY = VxY + B(X,Y),
and
V%n = _An(X) + V)Lm-

If div Sy = 0 for a submanifold M in N, then M is called biconservative. Thus,
M is biconservative if and only if the tangent part of its bitension field vanishes.
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We have the following characterisation theorem of biharmonic submanifolds ob-
tained by splitting the bitension field in the tangent and normal part.

Theorem 2.3. A submanifold M™ of a Riemannian manifold N™ is biharmonic if
and only if

trace Ay () + trace VAg + trace (RN(‘a H))T =0

and

ATH + trace B (-, Ay (+)) + trace (RV (., H))J' =0,

where A+ is the Laplacean in the normal bundle.

Various forms of the above result were obtained in [10, 18, 21]. From here we
deduce some characterisation formulas for the biconservativity.

Corollary 2.4. Let M™ be a submanifold of a Riemannian manifold N™. Then M
s a biconservative submanifold if and only if:
(1) trace A1 p(-) + trace VAp + trace (RV (-, H))T =0;
(2) = grad (|H|?) + 2 trace AgL () + 2trace (RN (-, H).)" = 0;
(3) 2trace VAg — % grad (|H|?*) = 0.
The following properties are immediate.

Proposition 2.5. Let M™ be a submanifold of a Riemannian manifold N™. If
VAg =0 then M 1is biconservative.

Proposition 2.6. Let M™ be a submanifold of a Riemannian manifold N™. Assume
that N is a space form, i.e., it has constant sectional curvature, and M is PMC.
Then M is biconservative.

Proposition 2.7 ([2]). Let M™ be a submanifold of a Riemannian manifold N™.
Assume that M is pseudo-umbilical, i.e., Ay = |H|?I, and m # 4. Then M is
CMC.

If we consider the particular case of hypersurfaces, then Theorem 2.3 becomes

Theorem 2.8 ([2, 23]). If M™ is a hypersurface in a Riemannian manifold N™*1,
then M s biharmonic if and only if

2A(grad f) + ferad f — 2f (Ricci™ ()" =0,
and
Af + fIA]? = fRicci™ (n,m) =0,
where 1 is the unit normal vector field of M in N.

Corollary 2.9. A hypersurface M™ in a space form N™1(c) is biconservative if
and only if

A(grad f) = —g grad f.

Corollary 2.10. Any CMC hypersurface in N™1(c) is biconservative.
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3. LOCAL, INTRINSIC CHARACTERISATION OF BICONSERVATIVE SURFACES

We are interested to study biconservative surfaces which are not CMC. We will
study them from a local point of view and then from a global point of view. While
by “local” we will mean the biconservative surfaces ¢ : M2 — N3(c) with f > 0 and
grad f # 0 at any point of M, by “global” we will mean the complete biconservative
surfaces ¢ : M2 — N3(c) with f > 0 at any point of M and grad f # 0 at any point
of an open and dense subset of M.

In this section, we consider the local problem, i.e., we consider ¢ : M? — N3(c) a
biconservative surface and we assume that f > 0 and grad f # 0 at any point of M.
Let X; = (grad f)/| grad f| and X2 two vector fields such that {X;(p), X2(p)} is a
positively oriented orthonormal basis at any point p € M. In particular, we obtain
that M is parallelizable. If we denote by A1 < A the eigenvalues functions of the
shape operator A, since A (X;) = —(f/2)X; and trace A = f, we get \y = —f/2
and Ao = 3f/2. Thus the matrix of A with respect to the (global) orthonormal
frame field { X1, X} is

£
2
A=
oy
We denote by K the Gaussian curvature and, from the Gauss equation K = c+det A,
we obtain

(3.1) A= -(c—-K).

Thus ¢ — K >0 on M.
From the way how X; and X9 were defined, we find that

gradf = (le) X1 and ng =0.

Using the connection 1-forms, the Codazzi equation and then the extrinsic and
intrinsic expression for the Gaussian curvature, we obtain the next result which
shows that the mean curvature function of a non-CMC biconservative surface must
satisfy a second-order partial differential equation. More precisely, we have the
following theorem.

Theorem 3.1 ([8]). Let ¢ : M? — N3(c) a biconservative surface with f > 0 and
grad f #£ 0 at any point of M. Then we have

4
(3.2) FAf +|grad f? + gef* — ' =0,
where A is the Laplace-Beltrami operator on M.

In fact, we can see that around any point of M there exists (U;u,v) local coordi-
nates such that f = f(u,v) = f(u) and (3.2) is equivalent to

7 2 4
(3.3) ff"*z(f') *ng2+f4=07
i.e., f must satisfy a second-order ordinary differential equation.
Indeed, let pg € M be an arbitrary fixed point of M and let v = (u) be an integral
curve of X7 with v(0) = pg. Let ¢ the flow of Xy and (U;wu,v) local coordinates

with pg € U such that

X(u,v) = ¢y u)(v) = 9(7(w),v).
We have
Xu(u,0) =+ (u) = X1(v(u)) = X1(u,0)



GLOBAL PROPERTIES OF BICONSERVATIVE SURFACES IN R3 AND §3 7

and
Xo(u,v) = ¢fy(u) (v) = X2 (¢7(“) (U)) = Xa(u,v).
If we write the Riemannian metric g on M in local coordinates as
g = gudu® + 2g1adudv + gaadv?,

we get gog = ]XU|2 = |X2|2 =1, and X, can be expressed with respect to X, and
X, as

1
X1 = p (Xu — g12Xy) = o grad u,
where 0 = \/g11 — g15 > 0, 0 = o(u,v).
Let fo X = f(u,v). Since Xof = 0, we find that

f(u,v) - f(u70) = f(u)a v(“?”) eU.
It can be proved that

3(X1f)
X1, X5 = X
(X1, Xo] I 2,
thus X2X1f = XlXQf - [Xl, X2] f =0.
On the other hand we have
1 1
(34) XQXIfz OXU (Ef/) :XU (5) fl )

We recall that
1
grad f = (X1 f) X1 = (Uf'> X1 #0

at any point of U, thus f” # 0 at any point of U. Therefore, from (3.4), X, (1/0) =0,
i.e., 0 = o(u). Since g11(u,0) = 1, and g12(u,0) = 0, we have 0 =1, i.e.,

(3.5) X1 = Xy — g12X, = grad u.

In [8] it was found an equivalent expression for (3.2), i.e.,

7 4c
(XaXaf) f =7 (X1f)* + §f2 -1
Therefore, using (3.5), the relation (3.2) is equivalent to (3.3).

Remark 3.2. If ¢ : M? — N3(c) is a non CMC biharmonic surface, then, there
exists an open subset U such that f > 0 and grad f # 0 at any point of U, and f
satisfies the following system

Af = f(2c—[A]P)
A(grad f) = —% grad f.
As we have seen, this system implies
Af = f(2c—1AP)
FAS +|grad fI? + 3cf? = f1=0.
which, in fact, is a ODE system. We get
FF =3 +2ef? = 54 =0
FI =5 () = gef? + f =0

(3.6)
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As an immediate consequence we obtain
ne 10 o Ty
+ —cf*—=f"=0
(1) + e = o' =0,
and combining it with the prime integral

(f)? =2f* — 8cf? + df/?

of the first equation from (3.6), where d € R is a constant, we obtain
Sesp M o g
2f + 3 cf d=0.

If we denote f = /2, we get %F’ + %cf —d = 0. Thus, f satisfies a polynomial
equation with constant coefficients, so f has to be a constant and then, f is a

constant, i.e., grad f = 0 on U (in fact, the constant has to be zero). Therefore, we
have a contradiction (see [9, 11] for ¢ = 0 and [6, 7], for ¢ = %1)

We also can note that the relation (3.2), which is an extrinsic relation, together
with (3.1), allows us to find an intrinsic relation that (M, g) must satisfy. More
precisely, the Gaussian curvature of M has to satisfy

(3.7) (c— K)AK — | grad K|* — %K(c ~K)*=0,

and the hypotheses f > 0 and grad f # 0, at any point, are equivalent with the
intrinsic condition ¢ — K > 0 and grad K # 0.

The formula (3.7) is very similar to the Ricci condition. Further, we will briefly
recall the Ricci problem. Given an abstract surface (M 2 g), we want to find the
conditions that has to be satisfied by M such that, locally, it admits a minimal
embedding in N3(c). It was proved that if (M 2 g) is an abstract surface such that
c— K > 0 at any point of M, where ¢ € R is a constant, then, locally, it admits a
minimal embedding in N3(c) if and only if

(3.8) (c— K)AK —|grad K|? — 4K (c — K)* = 0.

Condition (3.8) is called the Ricci condition with respect cu ¢, or simply the Ricci
condition. If (3.8) holds, then M admits a one-parameter family of minimal embed-
dings in N3(c).

We can see that the relations (3.7) and (3.8) are very similar and, in [12] the
authors studied the link between them. Thus, for ¢ = 0, it was proved that if we
consider a surface (M 2 g) which satisfies (3.7) and K < 0, then there exists a very
simple conformal transformation of the metric g such that (M 2 V-K g) satisfies
(3.8). A similar result was proved also for ¢ # 0, but is this case, the conformal
factor has a complicated expression (and it is not enough to impose that (M 2, g)
satisfy (3.7), but we need the stronger hypothesis of it admitting a biconservative
immersion in N3(c)).

Unfortunately, the condition (3.7) does not imply the existence of a biconservative
immersion in N3(c), as in the minimal case. We need a stronger condition. It was
obtained the following local, intrinsic characterisation theorem.

Theorem 3.3 ([12]). Let (M?,g) be an abstract surface and ¢ € R a constant.
Then, locally, M can be isometrically embedded in a space form N3(c) as a bicon-
servative surface with positive mean curvature having the gradient different from zero
at any point p € M if and only if the Gaussian curvature K satisfies ¢ — K(p) > 0,
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(grad K)(p) # 0, for any point p € M, and its level curves are circles in M with
curvature
_ 3|grad K|

8(c—K)

Remark 3.4. If the surface M in Theorem 3.3 is simply connected, then the theorem
holds globally, but, in this case, instead of a local isometric embedding we have a
global isometric immersion.

We remark that unlike the minimal immersions case, if M satisfies the hypotheses
from Theorem 3.3, then there exists an unique biconservative immersion in N3(c)
(up to an isometry of N3(c)), and not a one-parameter family.

The characterisation theorem can be rewritten in an equivalent way, as below.

Theorem 3.5. Let (M 2, g) be an abstract surface with Gaussian curvature K sat-
isfying ¢ — K(p) > 0 and (grad K)(p) # 0 at any point p € M, where ¢ € R is a
constant. Let X1 = (grad K)/| grad K| and Xo € C(TM) be two vector fields on M
such that {X1(p), Xa(p)} is a positively oriented basis at any point of p € M. Then,
the following conditions are equivalent:

(a) the level curves of K are circles in M with constant curvature

_ 3XK
- 8(c—K)’
) 3X, K
X, (X, K) = d X, = 21 x.
2 (X1K)=0 and Vx,Xo 8(c— K) 1;

(c) locally, the metric g can be written as g = (c — K)~3/* (du? + dv?), where
(u,v) are local coordinates positively oriented, K = K(u), and K' > 0;

(d) locally, the metric g can be written as g = €*? (du® + dv?), where (u,v) are
local coordinates positively oriented, and ¢ = p(u) satisfies the equation

(3.9) P e~ 2%/3 _ ce2¢

and the condition ¢ > 0; moreover, the solutions of the above equation,
u=u(p), are

/‘p dr N
u = uo,
w0 \/—3e27/3 —ce2™ + q

where ¢ is in some open interval I and a,uy € R are constants;
(e) locally, the metric g can be written as g = €*% (du® + dv?), where (u,v) are
local coordinates positively oriented, and ¢ = p(u) satisfies the equation
(3.10) 30" + 20" 4+ 8ce?P ' =0
and the conditions @' > 0 and ¢ + e~ 2?¢"” > 0; moreover, the solutions of
the above equation, u = u(yp), are
® dr N
u = up,
oo \/—3be—27/3 — ce2™ + q

where @ is in some open interval I and a,b,ug € R are constants, b > 0.

The proof follows by direct computations and by using Remark 4.3 in [12] and
Proposition 3.4 in [20].

Remark 3.6. From the above theorem we have the following remarks.
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(i) If the condition (a) is satisfied, i.e., the integral curves of Xo are circles
in M with a precise constant curvature, then the integral curves of X; are
geodesics of M,

(ii) If the condition (c) is satisfied, then K has to be a solution of the equation

3K"(c— K) + 3 (K')? +8K(c— K)** = 0;

(iii) Let ¢ = ¢(u) be a solution of the equation (3.10). We consider the change
of coordinates
(u,v) = (c + B,av + ),
where a € R is a positive constant and $ € R, and define

¢ = ¢ (at+ B) +loga.
Then g = ¢ (dﬁ2 + d172) and ¢ also satisfies the equation (3.10). If ¢ =
©(u) satisfies the first integral

4,0// _ be—Qcp/S - 06290,

where b > 0, then, for a = b3/8, ¢ = ¢ () satisfies
d)// _ 6—2(1)/3 _ 06245'

From here, as the classification is done up to isometries, we note that the
parameter b in the solution of (3.10) is not essential and only the parameter
a counts.

(iv) If ¢ = 0, we note that if ¢ is a solution of (3.10), then also ¢ + constant is
a solution of the same equation, i.e, the condition (a) from the Theorem 3.5
is invariant under the homothetic tranformations of the metric g. Then, we
see that the equation (3.10) is invariant under the affine change of parameter
u = at + 3, where a > 0. Therefore, we must solve the equation (3.10) up
to this change of parameter and an additive constant of the solution ¢. The
additive constant will be the parameter that counts.

An abstract surface (M 2 g) that admits a biconservative immersion in N3(c) is
also called biconservative surface with respect to ¢, or simply biconservative surface.

In the case ¢ = 0, the solutions of the equation (3.10), are explicitly determined
in the next proposition.

Proposition 3.7 ([20]). The solutions of the equation
390/// + 2(10/90// — 0

which satisfy the conditions ¢’ > 0 and ¢" > 0, up to affine transformations of the
parameter with a > 0, are given by

¢(u) = 3log(coshu) + constant, u > 0.

We note that, in the case ¢ = 0, we have a one-parameter family of solutions of
equation (3.10), i.e., g, = Co(coshu)® (du2 + dvz), Cp being a positive constant.

If ¢ # 0, then we can not determine explicitly ¢ = ¢(u). Another way to see that
in the case ¢ # 0 we have only a one-parameter family of solutions of equation (3.10)
is to rewrite the metric g in certain non-isothermal coordinates.

Further, we will consider only the case ¢ = 1 and we have the next result.

Proposition 3.8 ([20]). Let (M?,g) be an abstract surface with g = e2?() (du? +
dv?), where u = u(yp) satisfies

® dr n
U= Uug,
w0 \/—3be=27/3 — €27 4 g
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where @ s in some open interval I, a,b € R are positive constants, and ug € R is a
constant. Then (M2,g) 18 1sometric to

3 2 i 2
& (e 1307 —3) d¢” + €2d0 > ;

where Do, = (€o1,802) X R, Cy € (4/ (33/2) ,oo) 18 a positive constant, and o1 and
o2 are the positive vanishing points of —€8/3 +3C1&% — 3, with 0 < &1 < oa.

<DC1 y9c1 =

Remark 3.9. Let us consider

B 3 2 1 02
(Dcl,ga - €2 (_58/3 +30,&2 _3) dg” + §2d0 )

and
3

& (-3 + 30182 - 3)

- 1 -
_ 2 2
Dci N gci = df + ?dﬁ
The surfaces (D¢, 9o, ) and <ch ) g(;{) are isometric if and only if C' = Cf and the

isometry is ©(&,0) = (£, £0 + constant). Therefore, we have a one-parameter family
of surfaces.

Remark 3.10. We note that the Gaussian curvature of (D¢, gc, ) does not depend
on (. More precisely,

1
KC'1 (57 0) = _§€8/3 + 1.

But, if we change further the coordinates (§,60) = (501 + 5(502 —&o1) ,é), then we
“fix” the domain, i.e., (D¢, gc,) is isometric to ((0,1), gc,) and Cy appears in the
expression of K¢, (é ,é .

4. COMPLETE BICONSERVATIVE SURFACES IN R?

In this section we consider the global problem and construct complete biconser-
vative surfaces in R? with f > 0 everywhere and grad f # 0 at any point of an open
dense subset. Or, from intrinsic point of view, we construct a complete abstract
surface (M 2, g) with K < 0 everywhere and grad K # 0 at any point of an open
dense subset of M, that admits a biconservative immersion in R3.

First, we recall a local extrinsic result about biconservative surfaces which says
that a biconservative surface in R is, locally, a surface of revolution.

Theorem 4.1 ([14]). Let M? be a biconservative surface in R® with f(p) > 0 and
(grad f)(p) # 0 for any p € M. Then, locally, M? is a surface of revolution, and the
curvature k = k(u) of the profile curve o = o(u), |o'(u)| = 1, is a positive solution
of the following ODFE

In [8] it was found the local explicit parametric equation of a biconservative surface
in R3.

Theorem 4.2. [8] Let M? be a biconservative surface in R® with f(p) > 0 and
(grad f)(p) # 0 for any p € M. Then, locally, the surface can be parameterized by

Xe,(pv) = (p cos v, psinv, ug, (p)) ,
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where
3 ~ 1 ~ -
ug, (p) = e ()01/3\/m+ \/(:Tlog ( Cop"/? + M»
0

with Cy a positive constant and pE (6'0_3/2, oo).

We note that any two such surfaces are not locally isometric, so we have a one-
parameter family of biconservative surfaces in R3. These surfaces are not complete.
We denote be SC‘o the image of X¢,- The “boundary” of S~0, ie., S@U \ SC‘o’ is

the circle (éo_ 32 cos v, éo_ 3/2 gin v, O), which lies in the Oy plane. At a boundary
point, the tangent plane to the closure ?50 of SC‘o is parallel to Oz. Moreover,
along the boundary, the mean curvature function is constant fé’o = (2@3/ 2) /3 and

grad fC‘o = 0.

Thus, we can expect to “glue” along the boundary two biconservative surfaces of
type Sé'o corresponding to the same Cj (the two constants have to be the same) and
symmetric to each other, at the level of C*° smoothness.

In fact, it was proved that we can glue two biconservative surfaces S and S5, i

at the level of C'® smoothness, only along the boundary and, in this case Cy = Cy-
Proposition 4.3 ([20, 19]). If we consider the symmetry of Graf uc, with respect

to the Op(= Ox) axis, we get a smooth, complete, biconservative surface S@O in R3.
Moreover, its mean curvature function fg is positive and grad fs, is different from

zero at any point of an open dense subset of S’C‘O'

Remark 4.4. The profile curve o5 = (p,O,uéo (p)) = (p, ug, (p)) can be repa-

rameterized as

(4.1)
o, (0) = (Uéo (9),02@0(9))

= G0+ 3 (V04108 (VO+VEFT))),  0>0,
and now Xg = Xg (6, 0).

l?roposition 4.5. The homothety of R, (z,y,z) — C’g(x,y,z), renders Si onto

SC,()—Q/?,.

In [20], it were also found the complete biconservative surfaces in R? with f > 0
at any point and grad f # 0 at any point of an open dense subset, but there the
idea was to use the intrinsic characterization of the biconservative surfaces. More
precisely, we have the next global result.

Theorem 4.6 ([20]). Let <R2,gco = Cp (coshu)® (du® + d02)> be a surface, where
Coh € R is a positive constant. Then we have:

(a) the metric on R? is complete;
(b) the Gaussian curvature is given by

3 24 sinh u
Ko, (u,v) = Koy () = ————= < 0, K- (u) =
Co( ) Co( ) Co (COSh u)g C’o( )

e (coshu)®’
and therefore grad Ko, # 0 at any point of R\ Ov;
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(c) the immersion pc, : (R ,gco) — R? given by

wo, (u,v) = (Ué'o (u) cos 3v, oéo (u) sin 3v, UQCO(U))
is biconservative in R3, where

vCo
3

1
o*éo (u) = (coshu)?, J%O (u) = —— <2 sinh 2u + u> , uec R

Sketch of the proof. The first two items follow by standard arguments. For the last
part, we note that choosing Cy = (9/Cp)*/? in (4.1) and using the change of co-
ordinates (6,v) = ((sinhw)?,3v), where u > 0, the metric induced by X(9/co)1/3
coincides with gc,. Then, we define ¢, as: for u > 0, pc,(u,v) is obtained by
rotating the profile curve

U(Jg)/co)us(u) = 0(9/Cy)1/3 (u) = (0'(19/00)1/3(u),0'(29/00)1/3 (u)) )

and for u < 0, ¢¢,(u,v) is obtained by rotating the profile curve

70 /coyss (W) = (0(19/00)1/3(—% —‘7(29/00)1/3(—U)> .
O

Theorem 4.7. Let (]R27 gco) be a biconservative surface with respect to c = 0. Then

(RQ, \/—Kgco) satisfies the Ricci condition and can be minimally immersed in R3
as a helicoid.

Concerning the biharmonic surfaces in R? we have the following non-existence
result.

Theorem 4.8 (]9, 11]). There exists no proper biharmonic surface in R3.

5. COMPLETE BICONSERVATIVE SURFACES IN S?

As in the previous section, we consider the global problem for biconservative
surfaces in S?, i.e., our aim is to construct complete biconservative surfaces in S?
with f > 0 and grad f # 0 at any point of an open and dense subset.

We start with the following local, extrinsic result.

Theorem 5.1 ([8]). Let M? be a biconservative surface in S* with f(p) > 0 si
(grad f)(p) # 0 at any point p € M. Then, locally, the surface, viewed in R*, can
be parameterized by

-3/
% (fi(cosv — 1)+ fysinv),
1

where C~'1 € (64/ (35/4) ,oo) 15 a positive constant; ?1,?2 € R* are two constant
orthonormal vectors; o(u) is a curve parameterized by arclength that satisfies

Yo, (u,v) = o(u) +

_ 4r(u) ¥4

(o(u), f1) = VA (o(u), f9) =0,

and, as a curve in S?, its curvature k = k(u) is a positive non constant solution of
the following ODE
7 o 4
" / 2 4
K'Kk=—-(Kk) 4+ k" —4K
4 ( ) 3
such that

—r? —16k* + C’m7/2.

()" =~



14 SIMONA NISTOR-BARNA AND CEZAR ONICIUC

Remark 5.2. The constant o determines uniquely the curvature «, up to a trans-
lation of u, and then x, f; and f9 determines uniquely the curve o.

We consider f; = @3 and f, = &; and change the coordinates (u,v) in (k,v).
Then, we get

(5.1)
2 2
. — _ 4 —3/4 _ 4 -3/4 ;
Ye, (K,0) < 1 (3\/CT1H ) cos u(K), (/1 (3\/CT1H ) sin pu(k),
—4_ 3/ cos v, —4_ 3/ ginv ,

3V C~'1 3V C~'1

where (k,v) € (ko1, ko2) X R, ko1 and kg2 are positive solutions of

1 -
—36/12 —165* +C1r2 =0

and

dt + co,

K 3/4. /0
1(k) :i108/ T VG

o (—16 + 90173/2) \/90173/2 —16 (1 +972)

with ¢p € R a constant and kg € (ko1, ko2). We note that an alternative expression
for Yz was given in [13].

Remark 5.3. For simplicity, we choose ko = (3C}/64)2.

If we denote SCH the image of Ys,, then we note that the boundary of SC‘1 is
made up from two circles and along the boundary, the mean curvature function is
constant (two different constants) and its gradient vanishes.

Thus, we can expect to glue along the boundary two biconservative surfaces of
type SCH’ corresponding to the same Cy. In fact, if we want to glue two surfaces

corresponding to C; and CN'{ along the boundary, then these constant have to coincide
and there is no ambiguity concerning along which circle of the boundary we should
glue the two pieces. But this process is not as clear as in R? since we should repeat
it infinitely many times.

Further, as in the R3 case, we change the point of view and use the intrinsic
characterization of the biconservative surfaces in S3.

The surface (D¢, gc,) defined in Section 3 is note complete but it has the follow-
ing properties.

Theorem 5.4 ([20]). Consider (Dc¢,,gcy). Then, we have
(a) Ke, (&, 0) = K(0),
1 8
1-K = —¢8/3 K'(&) = ——¢3/3
(€0) =65 >0, K(€)=—¢

and grad K # 0 at any point of D¢, ;
(b) the immersion ¢c, : (Dcy,gc,) — S* given by

(1 [, 1 “in cos(v/C10) sin(y/C10)
¢C1(£ae)_< 1 0152 COSC(&)? 1 0152 C(f)a mg ) mg >’

is biconservative in S®, where
€ CLr4/3
==
oo (—1 4+ 017'2)\/—7'8/3 +3Ci7m2 -3

dr + c1 = £(o(§) + ¢,
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with ¢y € R a constant and &y € (€01, €o02)-

Sketch of the proof. The first item follows by standard arguments. For the second
item, we note that choosing C; = 3'/4.16C) in (5.1) and using the change of
coordinates (k,v) = (3*3/254/3, (3*1/8\/67’10) /4), the metric induced by Y31/4.14¢,
coincides with gc, .

Then, we define ¢¢, as

_1/8
601 (&, 0) = Yai/116¢, (33/254/3’ 34\/(710> .

Remark 5.5. The limits limg ¢y, (o(§) and limg ¢, Co(§) are finite.

Remark 5.6. For simplicity, we choose £y = (96’1/4)3/2.

Remark 5.7. The immersion ¢¢, depends on the sign + and on the constant ¢;
in the expression of ¢. As the classification is up to isometries of S3, the sign and
the constant are not important, but they will play an important role in the gluing
process.

The key idea in our construction is to notice that (D¢, gc,) is, locally and in-
trinsically, isometric to a surface of revolution in R3.

Theorem 5.8. Let us consider (D¢y, gcy) as above. Then (D¢, go, ) is the universal
cover of the surface of revolution in R given by

(5.2) bier s (6,0) = <x(€) C(’ \(©)sin (ff u<5>> ,
where x(€) = C7 /¢,

B & 372 — (Ci‘)2 (—78/3 +3C 72 - 3) .
(5.3) v(€) = :I:/&)O \/ (=5 4 30172 —3) dr + c7,

Cy e (0, (C1 — 4/33/2)71/2> is a positive constant and ¢; € R is constant.

Remark 5.9. The immersion ¢ ¢, ¢r depends on the sign & and on the constant cj
in the expression of v. We denote by S§1,0f7 o the image of ¢¢, cs.

We fix (1 and CY, and alternating the sign and with appropriate choices of the
constant ¢}, we can construct a complete surface of revolution 5’01701* in R3 which
on an open subset is locally isometric to (D¢, gc, ). In fact, these choices of + and
—, and of the constants ¢} are uniquely determined by the “first” choice of +, or of
—, and of the constant cj.

The profile curve of S’Chcik is the graph of a function x o F' depending on v and
defined on the whole Oz (or Ov); here F' : R — [£01,&02] is a function at least of
class C3.

Theorem 5.10. The surface of revolution given by

Wec3(0) = (v Y0 cos e (xo P)W)sin v ) . (n6) € B2
< i Ci

is complete and, on an open dense subset, it is locally isometric to (Dcy, 9o, ). The
induced metric is given by

3F? 1
(V ) dv? +

_ 2
T 3F0) - () () 1 30 -3 T Pw

9¢4,Cy (V’ 9)
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(v,0) € R2. Moreover, grad K # 0 at any point of that open dense subset, and
1 — K > 0 everywhere.

From Theorem 5.10 we easily get the following result.

Proposition 5.11. The universal cover of the surface of revolution given by Ve, cr
is R? endowed with the metric goy,cp- It is complete, 1 — K > 0 on R? and, on an
open dense subset, it is locally isometric to (D¢, gc,) and grad K # 0 at any point.

Moreover any two (RQ,gChCiﬂ) and (RZagcl,Cf’> are isometric.

APPENDIX A

In the following, we illustrate the results from the case ¢ = 0, and the idea was

to construct by symmetry a complete biconservative surface in R3, starting with a
piece of a biconservative surface.

For the case ¢ = 1, the construction of a complete biconservative surface in S? is
not as simple as in the R?, but it can be illustrated by the next diagram.
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91&
A
ISOMETRY _
ot €02 3
(DclagC1)
ISOMETRY T |
Yoo = VG, on g =
o Q
S8
o IS
C1,071, playing with the constant S | =
c1 and =+ ,9|+ ;<>
Sl l=
<
=

LT

5'01,01* C R3 complete
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